Abstract Let p be a prime. We construct and study integral and torsion invariants, such as integral and torsion Weil-Deligne representations, associated to potentially semi-stable representations and torsion potentially semi-stable representations respectively. As applications, we prove the compatibility between local Langlands correspondence and Fontaine's construction for Galois representations attached to Hilbert modular forms, and Néron-Ogg-Shafarevich criterion of finite level for potentially semi-stable representations.
is 'independent on' the choice of L up to a p c -power (see Theorem 3.1 for the precise statement).
In the last section, we provide two applications based on the above constructions. The first application is to extend Néron-Ogg-Shafarevich criterion to finite level as in [15] . 
The second application is the following. † Our conventions are slightly different from those in [10] , see Convention 2.1 for details.
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We denote by Rep pst Qp the category of potentially semi-stable representations of G K which satisfy the above assumption.
Following [11] , a filtered (ϕ, N, Γ )-module is a finite dimensional K 0 -vector space D endowed with the following.
• A Frobenius semi-linear injection: ϕ : D → D.
• A W (k)-linear map N : D → D such that Nϕ = pϕN .
• A decreasing filtration ( • A K 0 -linear Γ -action on D such that Γ commutes with ϕ and N ; if we extend Γ semi-linearly to D K then Γ preserves Fil i D K , i.e. for any γ ∈ Γ and i ∈ Z,
Morphisms between filtered (ϕ, N, Γ )-modules are K 0 -linear maps preserving all structures. By [7] and [10] , the functor †
induces an equivalence between the category Rep pst Qp and the category of weakly admissible filtered (ϕ, N, Γ )-modules. See [7] for the definition of weakly admissibility.
Below, we will instead use the contravariant functor D st (V ) := D * st (V ∨ ), where V ∨ is the dual representation of V , because contravariant functors are more convenient in the integral theory. So let us remind the readers of the problem of notation.
Convention 2.1.
Here we use slightly different conventions from those in [7] and [11] , where D st defined here should be denoted by D * st,K if we follow the traditional conventions. But contravariant functors instead of covariant functors dominate this paper and K is always fixed in § § 2 and 3. So we decide to use the simplified notation D st . For any finite Z p -module (Q p -module) V , we use V ∨ to denote its Z p -dual (Q p -dual). In particular, if V is killed by some p-power, V ∨ = Hom Zp (V, Q p /Z p ). We will define p-adic Hodge structures such as Frobenius action, monodromy action on many different rings and modules. To distinguish them, we sometime add subscripts to indicate over which those structures are defined. For example, ϕ M is the Frobenius action defined on M. We always drop these subscripts if no confusions arise. Throughout this paper, we reserve ϕ and N for various types of Frobenius actions and monodromy actions respectively. For simplicity, we just refer Frobenius and monodromy to Frobenius action and monodromy action respectively. Finally, γ i (x), M d×d (A) and Id denote the standard divided power x i /i!, the ring of d × d-matrices with coefficients in ring A and the identity map respectively.
The aim of this section is to develop an integral theory of D st . First, we define an integral structure in a filtered (ϕ, N, Γ )-module. 
Remark 2.4.
It is important to describe objects in the essential image of M st . But so far we do not know how to do it, though we guess one need impose some suitable conditions on filtration, just as those in Fontaine-Laffaille theory [12] . This is one reason that we do not put any restriction on filtration in Definition 2.2.
(ϕ,Ĝ)-modules
We first review the theory of (ϕ,Ĝ)-modules from [18] to manipulate the lattices in semi-stable representations. We only deal with the integral theory in this section, and the torsion theory will be discussed in § 3.
Recall the fixed uniformizer π ∈ K with the Eisenstein polynomial E(u). 
T. Liu
We denote by S the p-adic completion of the divided power envelope of W (k) [u] with respect to the ideal generated by E(u). Write S K0 := S [1/p] . There is a unique map (Frobenius) ϕ : S → S which extends the Frobenius on S. We write N S for the K 0 -linear derivation on S K0 such that N S (u) = −u.
Let R = lim ← − OK/p where the transition maps are given by Frobenius. By the universal property of the Witt vectors W (R) of R, there is a unique surjective projection map θ : W (R) →ÔK to the p-adic completion of OK, which lifts the projection R → OK/p onto the first factor in the inverse limit. We denote by A cris the p-adic completion of the divided power envelope of W (R) with respect to Ker(θ). Let π n ∈K be a p n th root of π, 
and letK be its Galois closure over K . ThenK = ∞ n=1 K ∞ (ζ p n ) with ζ p n a primitive p n th root of unity. Write
For any g ∈ G K , write (g) := g(π)/π, which is a cocycle from G K to R * . Fix a choice of primitive p i th root of unity ζ p i for i 0 so that ζ
As a subring of A cris , S is not stable under the action of G, though S is fixed by G ∞ . Define a subring inside B + cris :
One can show that R K0 andR are stable under the G-action and the G-action factors throughĜ (see [18, § 2.2] ). R is a valuation ring. Write v R (·) for the valuation and let 
where q(i) satisfies i = eq(i) + r(i) with 0 r(i) < e. By Lemma 2.2.1 in [18] , one haŝ
Following [18] , a finite free (ϕ,Ĝ)-module of height r is a triple (M, ϕ,Ĝ) where
is a finite free Kisin module of height r;
(3)Ĝ commutes with ϕM onM, i.e. for any g ∈Ĝ, gϕM = ϕMg;
A morphism between two finite free (ϕ,Ĝ)-modules is a morphism in Mod ϕ,r /S that commutes withĜ-action onM. We denote by Mod r,Ĝ /S the category of finite free (ϕ,Ĝ)-modules of height r. For a finite free (ϕ,Ĝ)-moduleM = (M, ϕ,Ĝ), † we can asso-
where
) for any g ∈ G and f ∈T (M). The theory of (ϕ,Ĝ)-modules is built on Kisin's theory [13] on the classification of G ∞ -stable Z p -lattices via Kisin modules. We refer [13] and [18] for the more details of Kisin's theory. Recall S embeds to
ur the p-adic completion of the maximal (algebraic) unramified extension of E in W (Frac R) [1/p] 
such thatι is compatible with Frobenius and G-actions on both sides. Moreover, 
Note there is a G-action on the left side ofι B induced from that on W (R) ⊗RM.
On the other hand, the functor D st induces an injection
such that ι is compatible with ϕ, N , filtration and G-action on both sides. 
is a K 0 -basis ofD and it is a B
But this has been proved in § 7.2 in [16] . This proves the diagram (2.9). Furthermore, we have the following commutative diagram:
Now modulo u on the above diagram and noting thatD mod u = D, we get the commutative diagram (2.6). Note that both rows and the right column in the diagram (2.6) are compatible with Frobenius. So i is compatible with Frobenius. To check that N =Ñ via i, for any 
Corollary 2.8. The isomorphism i induces an isomorphism of functors between D(·)
andD st (·).
Construction of M st
Before we prove that M st satisfies the requirements of Theorem 2.3, let us first summarize the construction of M st in the following diagram:
Note that Corollary 2.8 ensures that the diagram in the bottom triangle is commutative and thus M st is functorial. We postpone the discussion of faithfulness, fullness and exactness of M st , and the case er < p − 1 to § 2.5. Now to prove Theorem 2.3, we need to show that M st (T ) is a lattice in D st (V ) in the sense of Definition 2.2. We have seen that M st (T ) is ϕ-stable. It remains to prove that M st (T ) is G K -stable and N -stable. We first need some preparations.
Since V | G is semi-stable, by Theorem 2.5 (2), we have an injection
compatible with G-action on both sides. Note that T is G K -stable. So there is a natural G K -action on the right side of (2.12).
Lemma 2.9. The left side of (2.12) is
G K -stable.
Proof . Use diagram (2.3)
y y where the right column has the natural G K -action. We claim that B 
Thus we have (ϕ(t)) r x ∈ W (R). Then x ∈ W (R) follows from Lemma 3.2.2 in [18] . To prove the claim, it suffices to show that
in B + cris . Note that g and N commutes onD. So if let A g be the matrix such that
cris because N is nilpotent. This proves the claim.
Recall that the projection of R tok (by modulo I + R) induces a projection ν : W (R) → W (k) and ν can be naturally extended to ν :
We extend ν to ν : B 
By the proof of Lemma 3.2.2 in [18] , ϕ(t) is a generator of I [1] W (R).
Lemma 2.10.
Proof .
(1) It suffices to show that I [1] A cris ⊂ I + A cris . By Proposition 5.3.1 in [9] , for any
, we see that t ∈ I + A cris and then x ∈ I + A cris .
(2) The first statement is obvious. To show the second, note that the projectionν : R →k is natural. So ν is obviously G K -equivariant on W (R), thus on A cris and B + cris . Therefore, it suffices to show that
, after replacing η by some power, we can assume that
By Lemma 2.9 and Lemma 2.10, we have
By Proposition 2.6, the isomorphism i induces a W (k)-linear isomorphism
On the other hand, note that the right side also has a natural
Proof . Combining Corollary 2.7 with Lemma 2.9, the isomorphism
is G K -equivariant (note that Corollary 2.7 only shows thatî is G-equivariant). Now modulo I + B + st on the both sides ofî, we see thatK 0
we have proved the following.
Stability of monodromy action
Now let us prove that M st (T ) is stable under monodromy. For this, we need more precise information on the Galois action on the left side of (2.12). It will be always convenient to consider W (R) ⊗RM as a submodule of B 
Hence to show that M st is stable under N , it suffices to show the following.
Proposition 2.13. In the notation as above, if
Remark 2.14. This generalizes Lemma 3.5.3 in [17] to the case that has no restriction on Hodge-Tate weights.
Proof of Proposition 2.13. Regard M as a ϕ(S)-submodule of
i th primitive root of unity. So we may just select = (τ ) and set t = − log([ (τ )]). Pick an x ∈ M. By the formula (2.7), we have
Note that τ acts on t trivially. Hence for any n 1 and x ∈ D, an easy induction on n shows that
and a direct computation shows that log
Therefore, we see that N D (x) ∈ M and we are done. It suffices to show the claim. Note that t = cϕ(t) with ϕ(t) a generator of I [1] W (R), and c a unit in S.
, it suffices to show that for any n, (ϕ(t)) n−1 /n is in A cris and it goes to zero p-adically. Note that (ϕ(t))
To complete the proof of the fact that N (M st (T )) ⊂ M st (T ) when p = 2 and to deal with torsion representations later, it will be convenient to give another description of monodromy N on M st (T ). As the proof of the above proposition, if p > 2 then we select τ a topological generator of G p ∞ and set t = − log([ (τ )]). If p = 2 then there still exists a τ ∈Ĝ such that (τ ) = (η i ) i 0 ∈ R with η i being a primitive p i th root of unity (see the end of § 4.1 in [18] ). We set t := − log([ (τ )]) in this case. Recall that ϕ * M := S ⊗ ϕ,S M, which is a submodule of D and W (R) ⊗ ϕ,S M. For any x ∈ ϕ * M, by the proof of the above theorem, we see that
Note that the statement is also valid for p = 2 because the same proof works for our selection of τ when p = 2. Since ϕ(t) is a generator of I [1] W (R), it makes sense to define a map
It is easy to check thatN is
So it make senses to define a mapÑ =N (x) mod I + W (R), that is, we have the following commutative diagram:
On the other hand, the monodromy operator N define a map N :
Proposition 2.15. In the notation as above,Ñ
Now we claim that the series
Let us first accept this and postpone the proof to the end. Now since t ∈ I + A cris , we see thatN
To prove the claim, we need check two facts. First, 
Some properties of M st
In this subsection, we discuss the properties of the functor M st stated in Theorem 2.3. 
Corollary 2.17. If er < p − 1. M st is fully faithful.
To prove this proposition, we need the following result.
Lemma 2.18. Assume that er < p − 1.
(2) Suppose M is a torsion free ϕ-module of height r. Then M is finite S-free.
The proof of the lemma needs an elaborate discussion of torsion Kisin modules. So we postpone the proof to § 3.2.
Proof of Proposition 2.16. Let
So we get an exact sequence of ϕ-modules:
with N and L torsion free. By Proposition B1.3.5 in [8] , we see that N, L are of height r. Then Lemma 2.18 shows that N and L are finite free. Similarly, we have an exact sequence of finite free Kisin modules 
We must have n i a.
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Let [8] proved that N = Hom G∞ (T (N ), OÊ ur ) and the functor T → Hom G∞ (T, OÊ ur ) induces an exact antiequivalence between Rep(G ∞ ) and the category ofétale ϕ-modules. So write
Then there exists a (unique) left exact sequence of Kisin modules
Applying Hom G∞ (−, OÊ ur ) to the exact sequence (2.21), we get an exact sequence 0 [16] shows that there exist finite free Kisin modulesM andM such thatM ⊂M ⊂ M andM ⊂M ⊂ M . But T S is fully faithful and M ⊂M ⊂ M is also a finite free Kisin module. Noting that T S (M ) = T S (M ) = T (M ), we must have M =M =M . Similarly, we haveM = M . Hence we get a left exact sequence In general, M st is neither full nor exact if er p − 1. The following examples restrict to crystalline representations with Hodge-Tate weights in {0, 1}. In this situation, Theorem (0.4) in [13] shows that the category of finite free Kisin modules of height 1 is equivalent to the category of G-stable Z p -lattices in crystalline representations with Hodge-Tate weights in {0, 1}. In particular, for each finite free Kisin module M of height 1, there exists a unique (ϕ,Ĝ)-moduleM such thatT (M) ⊗ Zp Q p is a crystalline representation with Hodge-Tate weights in {0, 1} and the ambient Kisin module ofM is just M. . 
Note that
Hence M is a Kisin module of height 1 and corresponds a G-stable
Example 2.21. Let E(u), K and M be the same as the above example. Write S * for the rank-1 finite free Kisin module whose Frobenius is given by ϕ(f ) = E(u)f with f a basis of S * , and S for the rank-1 finite free Kisin module with trivial Frobnius. We have a left exact sequence of Kisin modules
via f(f 1 ) = p and f(f 2 ) = u. The above sequence of Kisin modules corresponds to an exact sequence of lattices in crystalline representations with Hodge-Tate weights in {0, 1}. Modulo u on the above sequence, we see easily that M st is not right exact.
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p-adic Hodge data of torsion representations
Let T be a p-adic Galois representation killed by some p-power, and P some properties of representations (e.g. being semi-stable, crystalline, etc.). We call a representation is torsion P if T can be written as a quotient of two lattices inside a representation which has property P . In this section, we will attach (ϕ, N )-module to torsion potentially semistable representation up to a p-power p c , where c is a constant only depending on the absolute ramification index e (of the field over which representation is semi-stable) and length of Hodge-Tate weights.
We follow the same settings and notation in § 2 throughout this section.
Construction of M st for torsion representations
Recall that Rep 
Though the above definitions depend on the choices of the lifts, we will prove that there exists a constant c such that M st,L (T ) is 'unique' up to p c in the following sense.
Theorem 3.1. There exists a constant c only depending on e and r such that the following statement holds: for any morphism f : T → T in Rep pst,r tor and any lift L , L of T , T respectively, there exists a morphism
with L the lift of T and to M tor (ϕ, N, Γ ).
Corollary 3.2. In the notation as above, assume that f : T → T is an isomorphism and f
= f −1 : T → T is the inverse map. Then g • g| M st,L (T ) = p 2c Id| M st,L (T ) and g • g | M st,L (T ) = p 2c Id| M st,L (T ) .
Remark 3.3.
It is natural to ask if one can define a reasonable filtration structure inside M st,L (T ) such that the above theorem is valid for such filtration (together with other structures). Though the answer is positive the proof is too complicated to include here. See [19] .
Remark 3.4. We do not know if g in the above theorem is necessarily unique (or unique up to some p-power). So far applications of the theorem only need the existence of g.
To proceed with the proof, we study torsion representations arising from a torsion version of (ϕ,Ĝ)-modules, † and show that the p-adic Hodge structures in M st,L (T ) are encoded in those structures. For this, we need the input from torsion Kisin modules. So we recall some facts for torsion Kisin modules, and refer [16, § § 2 and 3] for more details.
Torsion Kisin modules
Below, for any Z-module M , we denote M/p n M by M n . Recall that Mod (1), M is a torsion Kisin module and M is u-torsion free. Assume that M is killed by p n . We prove the statement by induction on n. If n = 1, since M is u-torsion free then M is a finite free S 1 -module. Suppose that the statement holds for n − 1. Consider the exact sequence
We claim that M n−1 is a Kisin module killed by p n−1 . To see the claim, let K be the kernel of map q : 
We have a natural map from M to M by sendingẽ i to e i as p ni e i = 0 for d + 1 i d. Consider the following commutative diagram induced by the map:
where the middle column is surjective. We easily check that the first and the last column are isomorphisms. Hence the middle is also an isomorphism M M.
is finite S n -free and M := lim ← −n M (n) is a finite free Kisin module. It suffices to show that that M = M as submodules of M . For any n, set
By the Artin-Rees Lemma, the topology defined by K n coincides with the p-adic topology on M. Since M is p-adic complete, we see that
/S , we can associate a p-power torsion object in Rep(G ∞ ) via
(2) T is killed by a p-power.
Then there exists an injection
Proof . Here we use ingredients on the theory ofétale ϕ-modules as in the proof of Lemma 2.19. Since T S is fully faithful on the category of finite free Kisin modules, we have a morphism j : L → L in Mod r,fr /S such that T S (j) j. To see that j is an injection. Applying Hom G∞ (−, OÊ ur 
Thus T S (M) T .
Corollary 3.8. Assume that T is in
By the proof of the above proposition, we get an exact sequence
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Since M is a torsion Kisin module, M is u-torsion free by Lemma 3.5. Hence by modulo u, we get an exact sequence
By the construction of M st,L (T ), we obtain (3.3) and M st,L (T ) M/uM as ϕ-modules.
The following theorem is an important input for the proof of Theorem 3.1. 
(1) ι S is compatible with G ∞ -actions and Frobenius on both sides;
Proof . See Theorem 3.2.2 in [16] and Proposition 3.1.3 in [18] . M/uM as ϕ-modules. By Proposition 3.7, we have T S (M) T | G∞ . Now using the injectionι in (2.2), we have the following commutative diagram:
Compatibility of Γ and N
In this subsection, we prove that g is compatible with Γ -action and the monodromy operator N . Now consider the following commutative diagram:
where 
is compatible with G K -actions and then is compatible with Γ -actions.
To show that g is compatible with N , we useN defined in (2.18). First note that ϕ
Proof . The first statement easily derives from the construction ofN M andN on the lift L ⊂ L. For the second statement, consider the following diagram
Modulo I + S on the first row and I + W (R) the second row, By Proposition 2.15, we have
Note that the first and second rows are exact. By the definition of N M on M , we see
Now to prove that g is compatible with N -actions, it suffices to show the following diagram is commutative:
Now it suffices to check that the map ϕ(t):
is an injection, which has been proved in the proof of Lemma 3.10.
Representations with coefficients
Let A be a Z p -algebra. Let Rep 
The aim of this subsection is to prove the following proposition.
Proposition 3.13. Let f : T → T be a morphism in Rep
we see that the injection (2.2)
is compatible with A-actions on both sides. By the diagram (3.4), we see that W (R)⊗ ϕ,S M has an A-action which is compatible with that on 
Applications
In this section, we discuss two applications of the above theory. The first one extends the main result in [15] to the more general setting of potentially semi-stable representations, and the second one is to complete the proof of the compatibility between the local Langlands correspondence and Fontaine's construction for Galois representations attached to Hilbert modular forms.
Néron-Ogg-Shafarevich criterion of finite level
Let k be a perfect field of characteristic p, K 0 the fractional field of W (k), K/K 0 a finite totally ramified extension and G K := Gal(K/K). The aim of this subsection is to prove the following theorem. 3) in [13] ), the theorem above is a generalization of the main theorem in [15] in the case char(K) = 0.
Select a Galois extension K /K such that V is semi-stable over K and set e(K /K 0 ) the absolute ramification index of K . After some finite unramified extension, we can always assume that Proof . Choose a Galois extension K /K such that V is semi-stable over K . Replacing K by a finite unramified extension over K, we can assume that K is totally ramified over K.
. Note that the Γ -action and the ϕ-action on D is commutative. Then D with Γ -action descends to a finite free 
Local Langlands compatibility of Hilbert modular forms
Let 
be a compact open subgroup, where v runs over finite primes. We assume that U v = GL 2 (O Fv ) if π v is spherical and that f is U -invariant. This last condition can always be satisfied if we replace f by a suitable non-zero vector in π.
Denote by S 0 the set of finite primes where π is spherical. The eigenvalues of operators
for v ∈ S 0 , acting on f generate a number field E f . Denote these eigenvalues by t v and s v respectively. Now fix an extension of p of the p-adic evaluation of Q to theQ ⊂ C, and for any number field K ⊂Q, we denote K p the completion of K with respect to p. Let S be the subset of S 0 by removing all primes over p. By [22] , † there exists a continuous representation If π is a discrete series at some finite place, this has been proved by Saito [20] . So in the following, we assume that π v is principal series at all primes q | p. In this case, the assertion of the theorem is that ρ π,p | G Fq is potentially crystalline with p-adic Hodge type corresponding to k, in the sense explained in the introduction, and the W Fq 
To prove this, we need to recall the construction of ρ π,p by Taylor. Let N be the level of f and l a prime does not divide N. Let S k (N, l) be the space of cuspforms of weight k and level Nl. Write T k (N, l) the Z-algebra in End C (S k (N, l) ) generated by T q for q = l and S a with a prime to Nl. We have decomposition
new generated by T q and S a such that q and a are relatively prime to Nl,
It turns out that T k (N, l) new injects into a finite product of some number fields. Thus T l is inside the product of finite extensions of Q p . Finally, we denoteT l the product of rings of p-adic integers of these fields. Note that T l ⊂T l . 
Lemma 4.7. Let l be a finite place of F prime to Np, then there exists a continuous representation:
such that
(1) ρ l is unramified outside of Nlp and for any v Nlp, 
Proof . We use the same idea of the proof of Lemma 13 in [3] . We have T k (N, l) new ⊂ g K g where g runs over a basis of eigenforms inside S k (N, l) new and K g is the number field generated by eigenvalues of T a and S a on g. These forms are 'classical', in the sense that one can associate to g a Galois representation ρ g : G F → GL 2 (K g,p ) such that ρ g satisfies a characterizing property similar to that of ρ π,p (see [4] ). In particular, in [20] , Saito proved that ρ g | G Fq is potentially semi-stable with Hodge-Tate weights in {−r, . . . , 0}, and σ ss (ρ g | G Fq ) is isomorphic to σ q,g of π q,g , where π g = ⊗ v π v,g is the automorphic representation attached to g and σ q,g is the Weil-Deligne representation attached to π q,g via local Langlands correspondence. Since q N by the fact that σ q is spherical, we have q Nl. So σ q,g is spherical in our case and we see ρ g | G Fq is crystalline and ϕ ν(w) on D * st (ρ g | G Fq ) satisfies tr(ϕ ν(w) ) = t q (g) and det(ϕ ν(w) ) = s q (g)N (q), where t q (g) and s q (g) are the eigenvalues of T q and S q on g respectively. Hence let
be the direct sum of ρ g , we have ϕ ν(w) on D * st (ρ l | G Fq ) satisfies the equation X 2 − T q X + S q N (q) = 0. Finally, since G F is compact, we see that ρ l factors through GL 2 (T l ).
We need a little more detail on constructing ρ π,p from [3] . Recall λ f,ln :
n the ring homomorphism in Theorem 4.5. By change of basis, we can assume that
where c is a fixed element of G F induced from the complex conjugation. Let r ln = (a ln , d ln , x ln ) be the pseudo-representation attached to ρ ln . By the Cebotarev density theorem, r ln takes values in T ln . Set r n = λ f,ln • r ln = (a n , d n , x n ). By the Cebotarev density theorem again, (r n ) n 0 forms a compatible system of pseudo-representations with values in O E f /p n . Then the Galois representation ρ : G F → GL 2 (O E f,p ) attached to (r n ) n 0 is just ρ π,p . Now write L the G Fq -stable O E f,p -lattice (constructed from (r n ) n 0 as above) inside ρ π,p , E = E f,p and A = Z p [X, Y ]. For any n, T ln is an A-algebra via X → T q and Y → S q . O E = O E f,p is also an A-algebra via X → t q and Y → s q . Note that λ f,ln is a ring homomorphism of A-algebras. Write V l the underline space of ρ l ⊗ Zp Q p for ρ l constructed in Lemma 4.7. By Theorem 14 and its proof in [3] , for any n sufficient large, there exists a G Fq -stable Z p -lattice L (n) inside V ln ⊕ V l n such that there is a morphism of
n L satisfying the following two properties.
(1) There exists a constant m 1 only depending on f such that for any n,
(2) h n is a morphism of A-modules.
Recall r = max{k 1 − 1, . . . , k g − 1}. By Lemma 4.7, we see that L (n) ⊗ Zp Q p is crystalline with Hodge-Tate weights in {−r, . . . , 0}. Hence for any n sufficient large, L/p n L is torsion crystalline with Hodge-Tate weights in {−r, . . . , 0}. By the main theorem of [16] , L ⊗ Zp Q p is crystalline with Hodge-Tate weights in {−r, . . . , 0}. Now set 
It suffices to show that
and composite by the isomorphism
we have
Applying functor M st and noting that
. This finishes the proof of formula (4.1).
It still remains to check that V π,p has p-adic Hodge type corresponding to k. We have seen that V π,p is crystalline with Hodge-Tate weights in {−r, . . . , 0}. If some k i is strictly larger than 2, then Blasius and Rogawski proved that ρ π,p | G Fq is potentially semi-stable with p-adic Hodge type corresponding to the weight k in [1] . So in the following, we may assume that k i = 2 for all i. 
